This paper presents a generic approach, to generate symbolic dependency relations between the variations on the dimensional parameters for a family of over-constrained structure. We call structure a set of rigid parts interconnected together with mechanical linkages. A structure is over-constrained when the size of parts are not independent of each other.
Main text
To develop and expand an industrial product, the design teams need many CAD-CAM tools to quickly evaluate the different solutions they imagine. When it comes to overconstrained mechanical structures, a major problem is tolerance allocation and clearance determination. Indeed, tolerance allocation determines the involved manufacturing processes and tools, as well as the clearance values. Hence, it highly impacts both the cost and the performance of the product. Over-constrained mechanical structures deserve a great attention since they need particular geometric conditions for their good functioning.
There is no known general method to solve this problem in the case of over-constrained systems. In particular, a first obstacle is the lack of generic model to establish the relationship between the nominal dimensions and the variations of these nominal dimensions, which makes it impossible to establish a clearance mathematical model. So far, two research communities offer models and tools around this subject. In robotic or kinematic field, most of researches are focused on the local or global mobility of overconstrained mechanisms. It is inevitable to mention the rank deficiency of the Jacobian matrix [1] [2] , the motion group theory [3] and the screw theory [4] [5] [6] [7] , etc. For specific class of mechanism, over-constrained conditions are given in a symbolic form. But few of them talked about assembly aspect.
In the geometric tolerancing field, researches are focused on geometric variations around nominal over-constrained mechanical structures. In [8] Bo compares different models used by some research teams. We can mention the Jacobian model [9] , the vector loop model [10] , and the torsor model [11] , etc. Over-constrained conditions are given in a numerical form around a nominal position and they are obtained for generic assemblies.
Nowadays, as many effective methods allow a local expression of dependency relationships between the variations of nominal dimensions, the authors presented their research on both assembly and mobility local conditions using parametric approaches in [12] [13] [14] . These methods are applied on Bennett 4R linkage and Goldberg 5R linkage.
In the present paper, we propose to generate symbolic dependency relations between the variations on the dimensional parameters. Our proposal will be illustrated with a toy example, to follow the algebraic development in detail. These relationships will be discussed in conclusion. And the problem of clearance determination will be explored in another publication.
For this purpose, two categories of design parameters are By definition, a mechanical system is called "overconstrained" when these equations form an over-constrained algebraic system with respect to the m parameters (fewer configuration parameters than constraints). An algebraic solution exists only if the dimensional parameters respect one (or more) relationship(s). These dependencies are called assembly conditions. When the dimensional parameters respect the assembly conditions, the closed-loop equations form a consistent over-constrained system. Therefore, at least one solution exists.
Compared with traditional numerical approach based on an initial configuration, the generated assembly conditions can provide directly an initial configuration to the designer. That is one of reasons which motivate us to publish this paper.
In an over-constrained structure, the dimensions of the parts are not independent. However, the assembly conditions, very difficult to obtain as we shall see, form an algebraically undetermined system, called under-constrained. So, the assembly conditions are easy to solve when an arbitrary choice of independent parameters is done. There is an infinite number of "set of compatible part dimensions ( u parameters)". In other words, assembly conditions can be used to guarantee the existence of a closed-loop system. Moreover, the obtaining of assembly conditions shown in this paper could be automated for industrial use. For more information, the reader may consult the Ph.D thesis [15] .
The simulation tool presented in this article allows at first exhibiting the global assembly conditions (see Eq. (21)), and second evaluating the impact of variations of the independent dimensions on the variations of the dependent dimensions. Compared with [14] , differential equations are computed directly from global assembly conditions, which have never been published.
Case study
The case study is the plane rigid structure represented in Fig. 1 . This assembly is composed of 6 links and 8 revolute joints. Directions of all joints are parallel. Lengths are shown in lowercase italic letters. The four links AB, EF, GH, and CD are connected at both ends. The two links BC and AD are connected at both ends and also to two other locations. Position of these intermediate joints will be defined in paragraph 2.3.
Generation of compatibility equation

Parameters and closure equations
As mentioned in introduction, parameters can be divided into two categories: dimensional parameters and configuration parameters, noted u and m , respectively.
There are different ways to describe the geometry of a mechanical system, Cartesian and non-Cartesian methods for example. Generally, to write closure equations is to establish relations between dimensional parameters and configuration parameters. Therefore, closure equations can be expressed as follows: ( , ) 0 f u m (2) Our goal in the next step is to calculate compatibility equation only involving dimensional parameters 0 u .
Generation of compatibility equation
In order to obtain compatibility equation which only depends on dimensional parameters, all configuration parameters should be eliminated.
The method of Gröbner basis is a powerful symbolic computation tool. It has been fruitfully applied to many problems in the theory of polynomial ideals. Besides, the algorithms of Gröbner basis computation are integrated in some software such as Maple. The algorithm of Gröbner basis allows eliminating several parameters at the same time in original polynomial system so that it can be used to generate compatibility equation.
The reader is assumed to be familiar with concepts and definitions related to Gröbner basis computations, in particular the notations of reduction of a polynomial by another polynomial, S-polynomials and completion algorithm. For an introduction of Gröbner basis, the reader may consult [16] [17] [18] [19] . We will outline here the most useful notations.
Let K be a field and 1 ,. There are many definitions for Gröbner basis. Briefly, a Gröbner basis is a set of multivariate polynomials that has "nice properties" so that many fundamental problems that are formulated in terms of Ideal I can be solved elegantly [17] .
For our elimination problem, the following lemma is useful.
Lemma: let I be an ideal in K X and G a Gröbner basis for I with respect lexicographic ordering with 1 2 ... n x x x . Then, for 1 i n 1 1 ,..., ( ,..., )
As a consequence, a basis for the i-th elimination ideal 1 ,..., n I K x x of a finite Gröbner basis G can be obtained by just taking those polynomials in G that depend only on the first i indeterminates [20] .
There are several algorithms to compute Gröbner basis such as Buchberger [16] , F4 [21] and F5 [22] , etc. Since some of them have been integrated in calculation software such as Matlab and Maple, the authors use Maple with F4 ("FGb" package), developed by J.-C. Faugère of Paris VI University, to compute the elimination of configuration parameters in our polynomial equations.
In next subsection, we will present the generic approach. And we will apply it on six-bar linkage. To study the plane six-bar linkage in Fig. 1 (19) Therefore, the system of closure equations (19) characterizes the mechanical structure shown in Fig. 1 (20) Now, x , y , s and t should be eliminated in order to obtain the compatibility equation depending only on a , b , c , d , e and h . The syntax in Maple which allows eliminating parameters from a polynomial system is First line of command loads "FGb" package. In the function of elimination "fgb_gbasis_elim", "f" represents the polynomial system, which is closure equations; second option is the characteristic of modulo; parameters to be eliminated should be put in the third option; parameters should be kept are put in the fourth option. Fig. 3 . However, a six-bar linkage cannot be assembled with respect to the third solution because the last one is a parasite solution. When solve Eq. (20) Obviously, configuration parameters y and t in all these six solutions are complex numbers. That is why the six-bar linkage cannot be assembled. Hence, when apply the compatibility equation for numerical resolution, one should always inject the solution in closure equations and find out all configuration parameters as real number. Otherwise, the studied system may not be assembled.
Test case implementation
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Differential compatibility equation
Building the differential equation
The compatibility equation is now used to investigate the dimensions mutual sensitivity. The principal is to separate the dimensional parameters into two sets: the independent parameters and the dependent parameters. This segregation is not unique, which provides some flexibility in the investigation. Nevertheless, only one segregation is considered.
The segregation is designed in such a way that the dependent parameters can be formulated as smooth and locally unique functions involving the independent parameters. , , , 
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Test case implementation
Numerical values for parameters are listed in table 1 . Initial values of all parameters are provided. Frequencies of independent parameters are non-proportional in order to "fill" the variations arrangements as much as possible. The range value is the same for all independent parameters. The range value of the dependent parameter is the unknown. Integrating the ODE (4, 5) over interval 0,10 yields the solution curve t e t illustrated in Fig 6. Here again, for clarity, oscillations amplitude is enlarged. 
Conclusion
Parameters involved in over-constrained mechanical structures are divided into two types: dimensional parameters and configuration parameters. To obtain compatibility equation under dimensional parameters, configuration parameters must be eliminating from the closed-loop equations. The Gröbner basis method is used to eliminate configuration parameters. This generic method to express compatibility equations is then applied on a plane six-bar linkage. The over-constrained equation is generated for this model in order to guarantee its existence of assembly. Moreover, a numerical application of generated compatibility equation is explored.
Afterwards, the symbolic differential equations are obtained based on implicit function theorem. These equations govern the variations of the clearance between links. Since the set of dimensional parameters are separated into independent and dependent dimensional parameters, we can compute maximum and minimum clearance by simulating harmonic variations of links' dimension. The main advantage of this computation is that the solution of the differential equations allows a fast simulation.
Although the presented approach manages well six-bar linkage, more tests are required in order to enrich this method. Besides, the detection of parasite solution should be improved before a truly practical approach can be built to guarantee the consistency of a complex assembly such as Bennett linkage and Goldberg linkage.
